Recently, Barger et al. computed energy losses into Kaluza Klein modes from astrophysical plasmas in the approximation of zero density for the plasmas. We extend their work by considering the effects of finite density for two plasmon processes. Our results show that, for fixed temperature, the energy loss rate per cm 3 is constant up to some critical density and then falls exponentially. This is true for transverse and longitudinal plasmons in both the direct and crossed channels over a wide range of temperature and density. A difficulty in deriving the appropriate covariant interaction energy at finite density and temperature is addressed. We find that, for the cases considered by Barger et al., the zero density approximation and the neglect of other plasmon processes is justified to better than an order of magnitude.
Introduction
Recently, Barger et al. [1] addressed astophysical constraints on extra dimensions by computing energy loss rates from the sun, red giant stars and (Type II) supernovae due to possible excitation of graviton modes, G, in the case that the extra dimensions are compactified [2] . The processes γγ → G, e + e − → G, γe → G, eN → GeN (in the static nucleon approximation), and NN → GNN where considered. They worked in the zero density approximation, varying only the temperature. Their calculation neglected plasma effects and they anticipated that this neglect should not be important because of the high power dependence on M S , the inverse of the compactification dimension.
The purpose of this paper is to address the extent to which the process γγ → G (and the crossed process γ → γ G) is affected by a non-zero charged particle density and the presence of both longitudinal and transverse plasmons. Our aims are, in brief, to find numerical values for the energy loss rate per cm 3 for densities from 1 to 10 15 gm/cm 3 and temperatures from 1 to 10 9 eV, to confirm the Barger et al. expectation of density insensitivity, to show the extent to which the systems they considered are close to the border in density at which their expectation fails, to determine the relative contributions of longitudinal and transverse plasmon processes, to address the size of the contribution of the crossed process, and, importantly, to note the ambiguities in the form of a covariant interaction between plasmons and Kaluza-Klein modes.
It is clear that the expectation of Barger et al. [1] must fail at sufficiently high density, for fixed temperature, since the energy loss rate goes as an integral over the Bose-Einstein distribution, (e ω i /kT −1) −1 , in which the frequencies are given by a dispersion relation with an effective photon mass that grows with density. It is essentially a numerical question as to the point at which suppression sets in and the rate (in density) at which it proceeds. Intuition is hampered by the fact that the natural parameter is the electron chemical potential which is not simply related to the particle density. We give the numerical results over the temperature and density ranges cited above.
An important problem in carrying out this work is the question of the appropriate Lagrangian. The free space coupling between the electromagnetic field and gravitons can be found in textbooks, for example [3] , and has been generalized to the case of higher dimensional Kaluza-Klein excitations [4, 5] . However, we have not found a parallel literature for the case in which the free space photon is replaced by a plasmon satisfying a non-trivial dispersion relation. This difficulty is addressed in Section 2. We adopt a diagrammatic approach and also make an approximation that we test numerically. Also given in Section 2 is the formalism used for the numerical calculations of Section 3. We conclude in Section 4 with a brief summary.
Formalism
In a medium with nonzero temperature and density, radiation satisfies the dispersion relation
Π a (ω, | k|) is the transverse or longitudinal component of the polarization tensor,
where ε µ a (a = L, T ) are the polarization vectors and the polarization tensor Π µν is the photon self energy in the medium. The contribution to this self energy from fermions in the medium is calculated in the medium rest frame by adding a term
to the usual (vacuum) progagator. Here, T is the temperature, E = p 0 and µ is the electron chemical potential, which is related to the electron number density n e by 2 d 3 p
To lowest order in the fine structure constant α, the polarization tensor is given by
It turns out that Π L and Π T can be approximated to within 1% for all temperatures and densities [6] by
where v * is an average value of v = | p|/E for the electron (the only fermion which contributes for stellar temperatures and densities). Explicitly,
with ω 1 given by
where f E is the sum of the electron and positron distributions (the square bracket in Eq. (5) above). The plasma frequency ω P is given by
and the function G(x) is
It will be important below to note that, for transverse photons, k 2 = ω 2 − | k| 2 is ω 2 P for | k| = 0 and increases as | k| increases, while, for longitudinal photons, k 2 = ω 2 P at | k| = 0 and decreases as | k| increases. Integration over | k| for longitudinal photons must be cut off at the point where k 2 becomes negative,
We include in our numerical evaluations the renormalization constants
although this is inconsistent with calculating only to the lowest order in α. It is a check on our results that they do not change significantly when the Z a are set to unity. The Z a are given by [7] 
The rate of graviton emission can be calculated using the Lagrangian for the coupling of Kaluza-Klein field G µν n , corresponding to the mass excitation m 2 n = (2π) 2 n 2 /R 2 , to the photon energy-momentum tensor T µν . Neglecting gauge terms, this coupling is [4, 5] 
where F µν is the electromagnetic field tensor. We consider only the coupling of the spin-2 component of the Kaluza-Klein field; the spin-0 component does not couple to photons.
The matrix element for γ(
where
with
The sum over polarizations of the Kaluza-Klein state is [4, 5] 
The photon-G are given in Refs. [4, 5] , and the loops are calculated by using Eq. (3) for one of the legs. We have shown the the sum of these diagrams is gauge invariant and conserved for arbitrary k In every case, the results were almost identical. While this proves nothing, it does seem to indicate that performing the complete one-loop calculation would not give a substantially different answer.
The reaction rate must be summed over the Kaluza-Klein states, which is done by integrating over
where n is the number of extra dimensions. M S is the string scale which is related to the compactification scale R and Newton's constant G N . Specifically, we use
Our definition of M n+2 S differs from that of [1] by a factor of 2, i.e. their M S is larger by a factor 2 1/(n+2) . As a consequence, values of the energy loss per unit volume obtained from our tables must be multiplied by 2 when comparing with Barger et al. [1] .
For 2 particles → 1 particle reactions there remains a delta function from phase space which identifies m 2 n with the center of mass squared energy s. Thus, the integral over m 2 n , Eq. (24), replaces m 2 n by s and our results depend on n through the factor
The rate of energy loss per unit volume is given by the standard expression
where vσ denotes the cross section times the relative velocity [1] . The initial photons have k
The factor A gives the number of spin states: A = 4, 2, 1 for T T , T L or LL. For longitudinal photons, the | k| integrals are cut off at | k| max given by Eq. (12). The corresponding expression for the energy loss in the decay T → L G is
where M is given by Eq. (17) with k 2 → −k L .
Calculations
The first step in the calculations is to obtain µ(T, ρ) from Eq. (4). In doing this we assume that the electron number density, n e is related to the mass density ρ by n e = ρ/m p where m p is the proton mass. This is useful for comparison purposes and is a reasonable order of magnitude approximation but needs correction (by less than an order of magnitude) for a supernova or a neutron star. The results of the calculation of µ are given in Tables 10 and 11 for the matrix of ρ and T values: ρ = 1.0, 10.0, . . . 10 15 gm/cm 3 and T = 1, 10 2 , . . . 10 9 eV. Two tables are given (µ(T, ρ) andμ(T, ρ) = µ(T, ρ) − m e ) in order to make clear both the deviation of µ from m e (taken as 0.51 MeV) at low temperature and its deviation from zero at high. Note the rapid variation of µ (for the lowest densities) at the temperature T around 0.1 MeV where pair production first begins to be copious, and the slower but similar variation at higher densities ρ. The variation is slower for higher densities because the electron-positron density difference needs to have a large value. These variations are in the text. Here, for display purposes, the lowest value of µ shown, 10 −2 , is an upper limit on the exact numbers in Table 10 . illustrated in Fig. 2 , where, for display purposes, the lowest value of µ shown, 10 −2 , is an upper limit on the exact numbers in Table 10 . In calculating µ we used an iteration procedure and required that the output density value equal the input to better than a percent.
We now pass on to the results of calculating Q = d 4 E/dtdV for the case of n = 2 extra dimensions. It was possible to evaluate the integral in Eq. (26) over the cosine of the angle between the two plasmons analytically so that, for all the processes under consideration, only two integrals remain in finding the energy loss rate -the integrals over the two plasmon momenta.
It should be noted that there are only four processes to consider:
This is because, as the plasmon momentum | k| increases, the effective mass of a transverse plasmon increases while the effective mass of a longitudinal plasmon decreases [7] . Thus the missing processes, L → T + G and L → L + G are forbidden by energy-momentum conservation. The assertion is clear for the first process since m T > m L . For the second, we note that, in the rest frame of the decaying longitudinal plasmon, m L = ω P and conservation of energy and momentum implies that the graviton mass, m G , satisfies m
where ω L (| k|) is the energy of the final plasmon. Using the dispersion relation for longitudinal plasmons, it can be shown that the right side of Eq. (28) is less than zero for | k| > 0.
The results of the calculations are given in Tables 1-5 . These have the energy loss rates for the four processes, and for the sum, for a matrix of density and temperature values -1.0 to 10 15 gm/cm 3 for density ρ and 1 to 10 9 eV for temperature T -in both cases in factors ] give results per unit mass, but results per unit volume are better for our purposes since they show more clearly the way in which the zero-density approximation breaks down as the density increases. We give the results for M S = 1 TeV. Two additional tables, 6 and 7, give respectively the number of the process that dominates for the reaction (zero if the rate is zero, i.e. below 10 −320 ) and the fraction of the total represented by the dominant contribution.
In Fig. 3 (T +T → G) , we see at a glance the effect cited in the Introduction: for fixed T the energy loss rate is independent of the density until ρ increases to a point where the effective photon mass and plasmon density are sufficiently high that the rate drops exponentially. The numerical values are given in Table 1 . The analogous plot for L + L → G is shown in Fig. 4 . Here, the the rate grows slightly for a fixed T before dropping exponentially in the mass of the longitudinal plasmon with increasing | k|. Again, numerical values are found in Table 4 .
The Sun, a red giant, and a Type II supernova are, in the (ρ, T ) plane, given by Barger et al. [1] to be at (156 gm/cm 3 , 1.3 keV), (10 6 gm/cm 3 , 8.6 keV), and (10 15 gm/cm 3 , 30 MeV) respectively. We see from Table 1 that the Sun is in a low density region where the zero-density approximation holds while the supernova is on the edge of a constant density region. We also see from Table 6 that the other processes contribute little in these two cases. The red giant (RG) case is more interesting. In Table 1 , we see from the T = 10 4 and T = 10 3 columns that the RG is in the gentle fall off region for the former, but the steep fall off region for the latter. Examining the region between 1 and 10 keV more closely gives, with T varying in 1.0 keV increments, for the log of the TT energy loss rate: -16.7, -5.1, 6 .77. In short, at the RG, the TT energy loss rate, 1.4 erg/g·s, is down by a factor 4.5 from its zero-density approximation [1] , but the other processes bring the total rate up to 2.6 erg/g·s, or within about a factor 2 of the zero density result.
Finally we turn to the dependence of the emission rates on the number n of (large) extra dimensions. We give, in Tables 8 and 9 , the results for the total rates for n=3 and n=4. One sees, in the low-density limit, the T 7+n behavior pointed out by Barger et al. [1] for the T T → G rate which dominates for n = 3, 4 in the same places as in the n = 2 case.
Summary
The approximations of zero density and purely transverse (T + T → G) photon annihilation into gravitons of [1] must fail, for fixed temperature, at high densities. We have computed a first estimate of finite density corrections to two-plasmon production, for both transverse and longitudinal plasmons of Kaluza-Klein excitations, as well as the decay process T → L+G as a function of plasma density and temperature over a wide range of interest in both parameters. Our conclusion is that the zero-density, pure transverse approximation is satisfactory for the sun, marginal for supernovae, and fails by about a factor of 5 for red giants. It is interesting to note that, while very little of the ρ − T plane is occupied, astrophysical systems appear to be preferentially located relatively close to the boundaries (in ρ) at which the transverse photon approximation begins to fail. Our calculation is approximate in that we omit most of the diagrams of Fig. (1) . However, we believe our results indicate that the full calculation of all the diagrams is unlikely to modify our conclusions. Table 3 : The entries are log 10 (Q) for the process (4) (T → L + G). The rows are labeled by the density ρ in gm/cm 3 , and the columns by the temperature T in eV. The number of compact dimensions is n = 2. Table 5 : The entries are log 10 (Q) for the sum of processes (1) Table 7 : The entries are the fraction of the contribution to Q due to the dominant process of Table 6 . Table 8 : The entries are log 10 (Q) for the sum of processes (1)- (4) in the case of n = 3 compact dimensions.
The rows are labeled by the density ρ in gm/cm 3 , and the columns by the temperature T in eV. Table 9 : The entries are log 10 (Q) for the sum of processes (1)-(4) in the case of n = 4 compact dimensions.
The rows are labeled by the density ρ in gm/cm 3 , and the columns by the temperature T in eV. 1.4×10 Table 11 : The entries areμ(ρ, T ) the difference between the chemical potential µ(ρ, T ) and m e . The rows are labeled by the density ρ in gm/cm 3 , and the columns by the temperature T in eV.
